Abstract. We prove that the Local Fundamental Group Scheme satisfies the Lefschetz-Bott theorems in characteristic p. The proofs are standard applications of the E-S-Z-S vanishing theorems and are routine.
Introduction
The Fundamental Group Scheme was introduced by Madhav Nori in [N1,N2] . In order to prove the conjectures made in [loc.cit], S.Subramanian and the present author had introduced the "Local Fundamental Group Scheme ", denoted by π loc (X) [MS1] , which is the infinitesimal part of π(X), [MS2] . One may ask whether the Lefschetz-Bott theorems hold for π loc (X). In other words, let X be a smooth projective variety over an algebraically closed filed of characteristic p,and let H be a very ample line bundle on X. The question is if π loc (Y ) → π loc (X) is a surjection if dim X ≥ 2 and degree Y ≥ n 0 , where n 0 is an integer depending only on X. Similiarly , if dim X ≥ 3,the question is if π loc (Y ) → π loc (X) is an isomorphism if deg Y ≥ n 1 , where n 1 is an integer depending only on X.
In the present note, we give a positive answer to both these questions. The methods only involve applying the lemma of Enriques-Severi-Zariski-Serre ( E-S-Z-S) over and over again. Hence most of the proofs are only sketched, and some are completely omitted. The notation is the same as in [MS2] ,which is briefly recalled.
The first theorem
Theorem 2.1. Let X be a non-singular projective variety over an algebraically closed field of char p,of dimension ≥ 2. Let H be a very ample line bundle on X. Then there exists an integer n 0 , depending only on X, such that for any smooth Y ∈ |nH|, of deg n ≥ n 0 , the canonical map :
Before we begin the proof, we recall some facts from [MS2] . Let F : X → X be the Frobenius map. For any integer t ≥ 1, denote by C t the category of all V ∈ V ect(X) such that F t * (V ) is the trivial vector bundle on X.Fix a base point x 0 ∈ X, Consider the functor S : C t → V ect(X) given by V → V x 0 It is seen that C t , with the fibre functor S, is a Tannaka category [MS1, MS2] . denote the corresponding Tannaka group by G t . It is also easily seen that
, where π loc (X) is the Tannaka group associated to the category (V ∈ V ect(X) F t (V ) is trivial for some t. Now let t = 1, and consider G 1 (Y ) and G 1 (X). Let V ∈ C 1 (X). with V stable.V corresponds to a principal H bundle E → X ,where E is reduced in the sense of Nori [N1, page 87, Prop.3] , or just N-reduced. To prove that G 1 (Y ) → G 1 (X) is a surjection , it is enough to prove that V /Y is stable, or better still that E/Y is N-reduced.
Lemma 2.2. If X and E are as above , then there exists an integer n 0 , depending only on X ,such that for all n ≥ n 0 , and for all smooth Y ∈ |nH|, E/Y is N-reduced.
Proof. Let f : E → X be given.Then f * O E belongs to C 1 . Denote it by W for simplicity. Now consider
, Tensor (1) with W (n). So there is an n 0 such that for n ≥ n 0 , we have
Now assume t ≥ 2. We shall assume in fact that t = 2, because an almost identical proof works for t ≥ 3.Consider the map F 2 : X → X. Let B 1 2 be the cokernel.We have the exact sequence
Let W ∈ C 2 (X) and tensor (2) with W (n). One sees immediately that if
2 ) = 0 for all n ≥ n 0 , for the same integer n 0 .So if E is N-reduced on X, then E remains N-reduced on Y , if deg Y ≥ n 0 , for the same integer n 0 , which worked for C 1 (X).The proof for bigger t goes the same way , by taking the cokernel of F t , where t ≥ 3. This concludes the proof of Theorem 2.1.
the second theorem
Theorem 3.1. Let X be smooth and projective of dim ≥ 3. Then there exists an integer n 0 , depending only on X ,such that for any smooth Y ∈ |nH|, n ≥ n 0 , the canonical map π loc (Y ) → π loc (X) is an isomorphism.
Proof. We assume that dim X ≥ 3, and we pick an arbitrary smooth Y ∈ |nH|.We first consider a W ∈ C 1 (Y ) and show that it lifts uniquely to V ∈ C 1 (X) . Such a W is trivialized by the Frobenius,so there exists M, an r ×r matrix of 1-forms on Y ,which gives an integrable connection ∇ on O r Y , with p-curvature 0. Consider
and
Here I is the idealsheaf of Y, I = O X (−n). We get an integer n 0 , such that for all n ≥ n 0 , H
is an isomorphism. So M lifts to M 1 , a r × r matrix of 1 forms on X.Now ∇ has p-curvature 0 on Y .We now show that ∇ 1 defined by M 1 has p-curvature 0 on X. The curavture of ∇ is an element of
Again by E-S-Z-S, the curvature of ∇ 1 is 0 if deg Y ≥ n 1 , for some integer n 1 , depending only on X. The p-curvature of ∇ 1 is an element of H 0 (F * Ω 1 X ⊗ EndO r X ), which again vanishes if deg Y ≥ n 2 . So any element W ∈ C 1 (Y ) lifts uniquely to an element V ∈ C 1 (X).
Lemma 3.2. With X as above, then there exists an integer n 3 ,depending only on X, such that for any V ∈ C t (X), any t, we have
Proof. Let T X be the tangent bundle of X. For some s , depending only on X, T X (s) is generated by global sections. So we have
. Applying F to (2) we get
. It is clear that H 0 (V (−t) ⊗ S) = 0 for t >> 0, independent of V . Now look at
,where the right arrow is the map induced by F.But one knows that
p vanishes for t >> 0, independently of V ∈ C n (X) for any n. Therefore H 1 (V (−t) ⊗ Ω 1 ) vanishes for all t >> n, for an integer n independent of X.This concludes the proof of Lemma 3.1
Proceeding with the proof of Theorem 3.1 by the discussion preceeding the Lemma 3.1,it follows that if W ∈ C 1 (Y ) lifts to V on X,such that V ∈ C 1 (X) and W has a p-flat connection ,then V also has a connection.The integrability of this connection on V is also defined by the vanishing of a tensor in H 0 (EndV ⊗ Ω 2 X ). It is again clear that this tensor vanishes if its restriction to Y vanishes, for Y of degree say n 4 ,again independent of V ∈ C t (X), for all t. Again the p-flatness of this connection on V also vanishes ,if the corresponding p-curvature vanishes for V restricted to Y , for all smooth Y ∈ |nH|, for n independent of V . This means that on X, if V restricts to W on Y , and W has a p-flat connection, then V also has a p-flat connection. So if W on Y descends to W 1 , then V also descends under F to V 1 , and that V 1 restricts to W 1 on Y . Clearly ,this continues to hold for V ∈ C t (X), restricting to W ∈ C t (Y ), any t,for Y of a fixed degree ,depending only on X. Hence the canonical map of Tannaka Categories : C t (X) → C t (Y ) , given by restriction from X to Y , induces an isomorphism:
and similiarly for Y . This finishes the proof of Theorem 3.1
Remark 3.3. It would be of great interest to prove the above theorems when X is only assumed to be normal.
Remark 3.4. It is also interesting to determine if the category of F-trivial vector bundles ,on a smooth X,is m-regular. This is the case if dim X ≤ 3.
